The evolution of an optical pulse in a strongly dispersion-managed f iber-optic communication system is studied. The pulse is decomposed into a fast phase and a slowly evolving amplitude. The fast phase is calculated exactly, and a nonlocal equation for the evolution of the amplitude is derived. In the limit of weak dispersion management the equation reduces to the nonlinear Schrödinger equation. A class of stationary solutions of this equation is obtained; they represent pulses with a Gaussian-like core and exponentially decaying oscillatory tails, and they agree with direct numerical solutions of the full system.
The use of asymptotic methods to describe the longtime dynamics of a physical system is an essential tool in a variety of situations. The nonlinear Schrödinger (NLS) equation, derived by asymptotic methods from Maxwell's equations, plays a central role in fiber optics in the study of long-distance communication systems. The NLS equation also appears as an average equation when one is considering perturbations such as damping-amplification and moderate dispersion management. 1, 2 In the past few years widespread interest has focused on transmission links that make substantial use of dispersion management, owing to their many remarkable features when compared with systems with constant dispersion. 3 -9 In this Letter we obtain the asymptotic equations governing pulse dynamics in such systems. By formulating an appropriate multiscale perturbation expansion, we decompose the dynamics of the pulse in the Fourier domain into the product of a rapidly varying phase and a slowly evolving amplitude. The rapid phase is completely determined by the large periodic variations of the dispersion, while the amplitude satisfies a nonlocal equation [Eqs. (5) below] that reduces to the usual NLS equation in the limit of weak dispersion management. Interestingly, the equation has dual representation in the Fourier and the temporal domains. We derive a twoparameter family of localized traveling-wave solutions. These solutions are characterized by a Gaussian-like core with exponentially decaying oscillatory tails and are consistent with direct numerical simulations of the perturbed NLS equation with dispersion management.
We start from the perturbed NLS equation
where all quantities are expressed in dimensionless units: t is the retarded time, z is the propagation distance (with the unit length defined in terms of the path-average dispersion), u is the slowly varying envelope of the optical field, and D͑z͒ represents the fiber dispersion. Loss and amplif ication can be included by a change of variables. 4 We model strong dispersion management by splitting the dispersion D͑z͒ into two components: D͑z͒ d a 1 ͑1͞z a ͒D͑z͞z a ͒. The variable z a is the dispersion-map period, which is assumed to be small compared with the dispersion length, i.e., z a , , 1. The constant d a represents the small path-average dispersion, whereas D͑z͞z a ͒, which is periodic with zero average, describes the large, rapid variations that correspond to the local changes of the value of fiber dispersion. Here and below all averages are taken over one period of the dispersion map, z a : ͗ f ͘ ϵ ͑1͞z a ͒ R z a 0 dzf ͑z͒. The proportionality factor 1͞z a in front of D͑z͞z a ͒ is chosen so that both d a and D͑z͞z a ͒ are quantities of order one.
Equation (1) contains both large and rapidly varying terms. To obtain the asymptotic behavior we introduce fast and slow z scales as 2 z z͞z a and Z z, respectively, and we expand the field u in powers of z a :
In this way Eq. (1) breaks into a series of equations corresponding to the different powers of z a . In general, at order O͑z n21 a ͒ we have
where
That is, to leading order, the evolution of the pulse is determined solely by the large variations of D͑z͒ about its mean: nonlinearity and residual dispersion represent only a small perturbation to the linear solution. 8 Employing Fourier transforms [def ined as f ͑t͒ ͑1͞2p͒
wherep͑x, v͒ exp͓2͑i͞2͒xv 2 ͔ and C͑z ͒ C 0 1 R z 0 dz 0 D͑z 0 ͒, with C 0 arbitrary. The integration constantÛ ͑Z, v͒ represents the slowly evolving amplitude ofû ͑0͒ , whereasp͑C͑z ͒, v͒ contains the fast oscillations induced by the local values of the dispersion. The functionÛ ͑Z, v͒ is arbitrary at this stage and needs to be determined at higher orders. 
where the kernel r͑x͒ is given by r͑x͒ 1͑͞2p͒ 2 3 R 1 0 dz exp͓iC͑z ͒x͔. By taking the inverse Fourier transform of Eq. (5a) we obtain the corresponding evolution equation in the time domain:
Equation (5b) is the universal asymptotic equation that governs the evolution of the amplitude of an optical pulse in a strongly dispersion-managed system described by Eq. (1). All fast and large variations have been removed. Note that Eq. (5b) is not limited to the case d a . 0 and applies equally well to description of pulse dynamics with zero or normal values of average dispersion. If D͑z ͒ 0 (that is, if the fiber dispersion is constant) and C 0 0, then C͑z ͒ 0; hence r͑x͒ 1͑͞2p͒ 2 and R͑t 1 , t 2 ͒ becomes a two-dimensional Dirac delta: R͑t 1 , t 2 ͒ d͑t 1 ͒d͑t 2 ͒. As a consequence, Eqs. (5a) and (5b) reduce to the usual NLS equation, written in the Fourier and the temporal domain, respectively. Note that Eq. (5a) is invariant under the combined transformations r͑x͒ ! exp͑iC 0 x͒r͑x͒ and U ͑Z, v͒ ! exp͑iC 0 v 2 ͞2͒Û ͑Z, v͒; therefore the constant C 0 appearing in C͑z ͒ can be chosen arbitrarily and does not affect the solution of the original problem. Equation (5b) is also invariant under Galilean transformations: if U ͑Z, t͒ is a solution of Eq. (5b), then U 0 ͑Z, t͒ exp͓͑i͞2͒ ͑vt 2 v 2 Z͞2͔͒U ͑Z, t 2 vZ͒ also satisf ies Eq. (5b), for any real v. Finally, the pulse energy, defined as kU k 2 R dtjU ͑Z, t͒j 2 , is conserved, and two additional conserved quantities exist in the form of the momentum and the Hamiltonian.
All the calculations presented above are valid for a general dispersion map. In the special case of a piecewise constant map, the integration kernels can be calculated explicitly. For a two-step map we take D͑z ͒ to be the periodic extension of D͑z ͒ D 1 for 0 # jz j , u͞2 and D͑z ͒ D 2 for u͞2 # jz j , 1͞2. Then the condition ͗D͘ 0 yields D 1 u 2D 2 ͑1 2 u͒. We introduce the parameter s ͓uD 1 2 ͑1 2 u͒D 2 ͔͞4, which provides a measure of the normalized map strength.
Then, if we fix the integration constant C 0 by requiring that the average chirp along one dispersion map be zero, we have C 0 0 and the points where C͑z ͒ is zero are the midpoints of each fiber segment: z 0 and z 1͞2. Sincep͑0, v͒ 1 and p͑0, t͒ d͑t͒, at these values of z the solution u ͑0͒ ͑z , Z, t͒ coincides with U ͑Z, t͒. For these two-step maps the kernels r͑x͒ and R͑t 1 , t 2 ͒ are r͑x͒ sin͑sx͓͒͑͞2p͒ 2 sx͔ and R͑t 1 , t 2 ͒ ͑1͞2pjsj͒ci͑t 1 t 2 ͞s͒, respectively, where ci͑x͒ R1 dy cos͑xy͒͞y is the cosine integral. Note that, since jr͑x͒j # 1͑͞2p͒ 2 , the strength of the coupling between different frequencies is always less than that for the ordinary NLS equation.
Next we look for traveling-wave solutions of Eq. (5b). Since this equation is invariant under Galilean transformation, traveling-wave solutions can be obtained by use of such a transformation if stationary solutions are known. Therefore we look for solutions of the form U ͑Z, t͒ f ͑t͒exp͓͑i͞2͒l 2 Z͔, with f ͑t͒ real and even. The Fourier transform F ͑v͒ of f ͑t͒ is also real and even. Then, using Eq. (5a), we have the following nonlinear integral equation for F ͑v͒:
By scaling arguments it can be shown that, if F 1 ͑v͒ is a solution of Eq. (6) corresponding to the eigenvalue l l 1 and s s 1 , then F 2 ͑v͒ F 1 ͑v͞a͒ is also a solution, corresponding to the eigenvalue l 2 al 1 and the map strength s 2 s 1 ͞a 2 . Therefore a family of solutions can be generated from the knowledge of just one. Note also that f 2 ͑t͒ af 1 ͑at͒, which means that the scaling parameter a is also directly proportional to the pulse energy and inversely proportional to the pulse width. That is, kf 2 k 2 akf 1 k 2 and t 2 t 1 ͞a, as for the classical NLS equation. As in Ref. 3 , to get the dependence of the energy on the map strength (that is, the power-enhancement factor), one needs to go to higher orders in the perturbation expansion.
The solutions in the family described above are characterized by the same value of d a . Here we restrict ourselves to the case d a 1, and we solve Eq. (6) numerically. Figure 1(a) shows a plot of F ͑v͒ versus v for s 1 and l 4. The solid curves represent the positive part of F ͑v͒, and the dotted -dashed curves represent the negative part. The dashed curve represents a sech pulse with the same FWHM in the frequency domain. Figure 1(b) shows the corresponding plot of f ͑t͒ versus t. Again, the solid curve represents the positive part and the dotteddashed curves represent the negative part (in contrast, the familiar soliton solutions of the NLS equation are always positive in both the time and the frequency domains), and the dashed curve is a sech pulse with the same FWHM in the temporal domain. The agreement of these pulses with numerical solutions of Eq. (1) with strong dispersion management (cf. Fig. 1 tails, characterized by oscillations with a frequency that increases with increasing distance from the center of the pulse. Note also that the energy of the pulse is more concentrated in the center than for NLS pulses with the same FWHM. Figure 2 illustrates the profiles of f ͑t͒ for a sequence of different values of s from 0 to 16, for a fixed value of l 1. By virtue of the scaling symmetry mentioned above, the plot also represents a class of solutions corresponding to a fixed value of s and varying values of l. We should mention that Eq. (6) can also be used to look for stationary solutions in the zero or the normal average dispersion regime, i.e., when d a # 0. In fact, we already obtained such solutions, which possess the same structure.
From F ͑v͒, using Eq. (4), we can reconstruct the evolution of the solution with z. The result is a breathing pulse that shows a remarkable correspondence with direct simulations of Eq. (1) (Fig. 2 in Ref. 6 ). Since f ͑t͒ is real and even, and since C͑z ͒ is symmetrical with respect to the fiber midpoints, the values of u ͑0͒ ͑z , Z, t͒ at the fiber endpoints are the complex conjugate of each other. We further tested our model by integrating Eq. (1) numerically. As z a is decreased, the breathing solutions of Eq. (1) rapidly converge to the solutions obtained from our average equation. In particular, the convergence rate is linear in z a , and with z a 0.01 the difference between solutions of Eq. (5b) and of Eq. (1) is less than 3 3 10 23 of the maximum pulse amplitude. The slight disagreement between the two models depends on the high-order corrections to the leading-order solution, which are also responsible for the difference between the pulse prof iles taken at the fiber midpoints.
A number of problems remain to be discussed, including a detailed study of the properties of the averaged nonlocal equation (such as symmetries and conservation laws), a complete characterization of the stationary solutions (including the case of normal average dispersion), the role of higher-order corrections, pulse interactions, wavelength-division multiplexing, and the effects of damping-amplification.
